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1 Introduction

Long-term relationships allow self-interested economic agents to achieve cooperation by putting

the future at stake: individuals cooperate with each other, because the long-term gain from future

interactions exceeds the short-term gains they forego by pursuing privately optimal courses of

action. However, uncertainty in the environment can lead to extreme situations in which short-run

gains are high, and these extreme situations can strain otherwise-healthy relationships and destroy

gains from cooperation, even if they are rare.

In this paper, we study the extent to which increasing the breadth of interactions can help foster

cooperation. Field studies have highlighted the importance of broad relationships: for example,

in describing the interactions between farmers in Shasta County, California, Ellickson reports that

"Rural residents deal with one another on a large number of fronts, and most residents expect those

interactions to continue far into the future... They interact on water supply, controlled burns, fence

repair, social events, sta¢ ng the volunteer �re department, and so on." (1994, p.55) Theoretical

works pioneered by Bernheim and Whinston (1990) have shown that in broad relationships, parties

may use the fact that cooperation is easy to sustain in some aspects of their relationship to help

foster cooperation in more di¢ cult aspects, but for the most part, this work has primarily focused

on environments with no uncertainty. We ask whether and to what extent increasing the breadth

of relationships in uncertain environments leads to gains.

In particular, we consider a repeated game composed ofM identical and independent component

games. A cooperative agreement in a single component game can be sustained as an equilibrium

only if, for each player, the future value of adhering to the cooperative agreement in that component

game exceeds the maximal deviation gain across all states of the world. As M increases, however,

the condition for cooperation in each component game becomes weaker. Speci�cally, as long as, for

each player, the average deviation gain across all states of the world is smaller than his future value

of adhering to the cooperative agreement, the cooperative agreement can be almost-perfectly repli-

cated in the sense that the probability that play coincides with the prescriptions of the agreement

in each component game approaches one as M tends toward in�nity.

The reason for this limit result is straightforward. Component-game uncertainty implies that

the size of the deviation gains di¤ers across component games in a given period. When there are

more component games, small deviation gains in some component games can be pooled with large

deviation gains in others. As M tends toward in�nity, the weak law of large numbers implies that

most of the time the total deviation gains are essentially equal to M times the average deviation

gain. This suggests that as long as the average deviation gain is smaller than the future value for
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each player in each component game, then cooperation can be sustained most of the time.

While this limit result provides a useful bound, it does not prescribe the optimal level of coop-

eration for a relationship of �nite breadth. Therefore, we also study optimal stationary cooperative

agreements for �nite values of M in several important economic settings. Speci�cally, we consider

applications to favor-exchange games (Mobius (2001)), Bertrand collusion with demand shocks

(Rotemberg and Saloner (1986)), and relational incentive contracts with noisy performance mea-

sures (Levin (2003)). In each of these cases, the optimal stationary equilibrium can be characterized

by a cuto¤ strategy. Loosely speaking, full cooperation is sustainable in states for which the total

deviation gains (associated with full cooperation across allM component games) do not exceed the

cuto¤, and partial cooperation is sustainable for the remainder of the states. As partial cooperation

yields smaller surplus, the optimal cuto¤ is determined by a �xed-point argument.

It is well-known that linking games together can foster cooperation (Bernheim and Whinston

(1990) and Levin (2002)). In this paper, we identify key conditions under which linking identical

games can help. In particular, a strategy pro�le can be almost-perfectly replicated if and only if

the average deviation gain is smaller than the future value for each player. Moreover, we illustrate

how the optimal stationary equilibrium changes as the number of component games increases.

The most closely related paper is Sekiguchi (Forthcoming), who also studies how collusion is

a¤ected by the number of markets in the context of multimarket contact with stochastic demands.

Sekiguchi considers a symmetric setting and characterizes the optimal symmetric subgame-perfect

equilibrium, which is second-best in the sense that no other symmetric subgame-perfect equilibrium

attains a greater pro�t. He shows that when the discount factor of the �rms exceeds a threshold,

almost-perfect collusion can be reached as the number of markets approaches in�nity. We obtain

the same threshold in our analysis without imposing symmetry in the solution concept. Moreover,

this threshold is exactly the discount factor at which the average deviation gain is equal to the

continuation loss associated with the perfect-collusion outcome.

In addition, Bond and Gomes (2009) characterizes the optimal formal contract in an agency

problem with multiple tasks with a �xed upper bound on total wage payments. In our application to

optimal relational contracts with multiple tasks, the upper bound on total payments is linked to the

principal�s discount factor. Barron (2013) considers endogenous breadth of relational contracts in

a supply-chain context and shows that suppliers underspecialize relative to the �rst-best. Fong and

Li (2015) show that intertemporal garbling of public information helps link incentive constraints in

relational contracts so that shocks can be smoothed over time.
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2 The Model

Consider an in�nitely repeated game with n players, and index time with t = 1; 2; : : : ;1. Each
player i 2 f1; : : : ; ng has the same discount factor � 2 (0; 1). The stage game consists of M
component stage games, index by m 2 f1; : : : ;Mg, which are played simultaneously. We refer
to the repeated component stage game as a component game. Within each stage game m, the set

of actions available to player i is given by Aim and is compact. Denote Ai =
Q
mAim, Am =

Q
iAim;

and A =
Q
iAi. In each period t, within each component stage game m, a state sm 2 f1; : : : ; Smg

is drawn with probability psm . Denote the realization of the state in period t in component stage

game m by sMmt; and denote the vector of states realized in period t as s
M
t . Upon observing the

vector of states, each player i simultaneously chooses ai
�
sMt
�
= (ai1; : : : ; aiM )

�
sMt
�
2 Ai. These

actions are publicly observable. Player i�s payo¤ in component stage game m in period t is given

by uim (aim; a�im; smt), where a�im 2 A�im =
Q
j 6=iAjm.

The component stage games are identical� the same actions are available to each player in

each component stage game (i.e., Aim = Aim0 for all m;m0), and payo¤ functions are identical in

each component stage game (i.e., uim = uim0 for all m;m0). Furthermore, the states are mutually

independent and identically distributed across periods and component stage games: the probability

that a state sMt =
�
sM1t ; : : : ; s

M
mt; : : : ; s

M
Mt

�
is realized is Pr

�
sMt
�
=
QM
m=1 psm . Finally, payo¤s are

additive across component stage games, so player i�s stage game payo¤ is given by ui
�
ai; a�i; sMt

�
=PM

m=1 Pr
�
sMt
�
uim (aim; a�im; smt).

Throughout, we make the following assumptions.

Assumption 1 (Bounded component-stage-game payo¤s). uim 2 [0; B] for some B > 0.

Assumption 2 (Common minmax action). There exists an action am 2 Am such that

uim
�
aim; a�im; s

�
= 0 for all s and aim.

The common minmax action assumption is satis�ed by all three applications we consider. We

will refer to the frequency of interaction, which corresponds to the parameter �, and the breadth

of interaction, which corresponds to the parameterM . Folk theorem results relate to the frequency

of interaction. The goal of this paper is to develop an understanding of the role of the breadth

of interaction in sustaining cooperation among players. We will focus on the degree to which a

strategy of the component game can be sustained as an equilibrium as M increases.
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3 General Limit Results

We study the degree to which an increase in the breadth of interaction (i.e., an increase in M)

helps sustain a�m (sm), a stationary strategy of the component game, as a stationary equilibrium of

the game. To do this, we �rst establish a necessary and su¢ cient condition for maintaining a� (s)

as an equilibrium outcome of the component game. Fix M = 1; and de�ne u�i (s) = ui (a
� (s) ; s)

as player i�s equilibrium payo¤ in the stage game in state s, and u�i =
P
s psu

�
i (s) as player i�s

expected stage-game equilibrium payo¤. De�ne player i�s deviation gain in state s as

di (s) = max
ai2Ai

ui
�
ai; a

�
�i (s) ; s

�
� u�i (s) ;

and de�ne dmaxi = maxs fdi (s)g as the maximal deviation gain for player i.
Without loss of generality, we may assume that after any deviation (all of which are pub-

licly observed), players play a in all future periods and receive zero payo¤ in the resulting con-

tinuation game. Therefore, a deviation by player i results in a continuation loss given by

�V �i � �u�i = (1� �). To sustain a� (s) as an equilibrium outcome, it is necessary and su¢ cient

that the continuation loss exceeds the maximal deviation gain for each player i. That is, a� (s) can

be sustained as an equilibrium outcome if and only if

dmaxi � �V �i for all i: (Sustainability for C-Game)

This is the familiar condition that the sustainability of equilibrium depends only on the magnitude

of maximal deviation gains (e.g., Levin (2003), Baker, Gibbons, and Murphy (2011)).

We now study the degree to which a� (s) can be sustained by increasing the breadth of interac-

tion. We �rst introduce two de�nitions.

De�nition 1. A strategy a� (s) of the component game can be almost-perfectly replicated (a.p.

replicated) if for any " > 0, there exists M (") such that for all M �M ("), there exists an equilib-

rium of the M�component game characterized by
�
a�m
�
sM
�	M
m=1

with Pr
�
a�m
�
sM
�
= a�

�
sMm
�
8m
�
�

1� ".

De�nition 2. A strategy a� (s) of the component game can be perfectly replicated if there exists

an M� such that for all M � M�, there exists a stationary equilibrium of the M � component
game with a�m

�
sM
�
= a�

�
sMm
�
for all m.

Perfect replication can be thought of as the limit case of almost-perfect replication with " = 0.

It is well-known that increasing the breadth of interaction does not a¤ect the conditions required

for perfectly replicating the component-game strategy (Bernheim and Whinston (1990), Mailath
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and Samuelson (2006, p.162)), because the component games are identical. Speci�cally, in an M-

component game, each player i�s equilibrium continuation payo¤, and therefore his continuation

loss is given by M�V �i , and his maximal deviation gain is Md
max
i , which occurs when sMm = ŝ (i)

such that dmaxi = di (ŝ (i)) for all m. As a result, the necessary and su¢ cient condition for a� (s)

to be perfectly replicated is given by

Mdmaxi �M�V �i for all i,

which is identical to the condition forM = 1. Increased breadth of interaction is irrelevant for help-

ing to sustain the component-game strategy as an equilibrium, becauseM -component punishments

deterM -component deviations if and only if single-component punishments deter single-component

deviations.

While the breadth of interaction does not a¤ect the condition for perfect replication, we now

show that the conditions required for a� (s) to be almost-perfectly replicated are substantially

di¤erent. De�ne davgi =
P
s psdi (s) as the average deviation gain in the component game. The

result below shows that the condition for a� (s) to be almost-perfectly replicable depends not on

the maximal deviation gain but rather on the average deviation gain.

Theorem 1. Consider a strategy of the component game a� (s). The following are true:

1. If davgi < �V �i for all i, then a
� (s) can be a.p. replicated.

2. If davgi > �V �i for some i, then a
� (s) cannot be a.p. replicated.

Proof of Theorem 1. See Appendix.

The intuition for the proof is as follows. For Part 1, for each M , we construct a strategy that

is identical to a� (s) for all but the set of states in which the total deviation gain is larger than

the average gain under a� (s). In these states, the strategy replaces the action pro�le with the

common minmax action pro�le. Since davgi < �V �i for all i, this strategy would be sustainable

as an equilibrium if it yielded the same continuation value �V �i for each player as the strategy

a� (s). By the law of large numbers, as M ! 1, this strategy almost-perfectly replicates a� (s),
as the set of states in which the total deviation gain exceeds the average becomes small. Further,

the continuation value of this strategy approaches �V �i , and therefore this strategy constitutes an

equilibrium.

Part 2 illustrates the limits of increasing the breadth of interaction: a� (s) cannot be almost-

perfectly replicated if the average deviation gain davgi exceeds the continuation payo¤ �V �i for some
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player i. As the number of component games goes to in�nity, the law of large numbers implies that

the deviation gain per component game is very close to davgi for player i for most states. When

davgi > �V �i ; the pigeonhole principle implies that it is impossible to allocate the deviation gains

across states so that they are smaller than the continuation losses in most states. Hence, there

is a positive lower bound on the fraction of states player i would like to deviate, and thus, a� (s)

cannot be almost-perfectly replicated.

When a� (s) can be almost-perfectly replicated, the per-period payo¤s associated with a� (s) can

be arbitrarily approximated as the breadth of interaction increases. Since the condition for almost-

perfect replication only requires the players�equilibrium payo¤s to exceed the average deviation

gains rather than the maximal deviation gains, Theorem 1 implies that there are gains from linking

the component games together, even if the component games are independent and identical.

The reason for the gain follows from the familiar logic of cross-subsidization of constraints. Even

if the component games are identical, the deviation gain for each component game depends on the

realized state. Therefore, component games with small realized deviation gains can be used to

subsidize those with large realized deviation gains. Theorem 1 shows that as interactions becomes

su¢ ciently broad, the cross-subsidization can be made nearly perfect in the sense that only the

average deviation gain is relevant for almost-perfect replication. Theorem 1 describes the limit of

the gain as interactions become arbitrarily broad, and the next section illustrates how the gain can

be best realized for �nite M in several widely studied examples.

3.1 Finite Breadth in Applications

While Theorem 1 is a limit result, the proof construction suggests an intuitive approach for char-

acterizing the optimal stationary equilibrium for games with �nite interaction breadth (M <1).
Begin with the optimal component-game stationary strategy, and arrange the states in terms of

their maximal (across players) deviation gain relative to continuation value. Replace the actions

in the states in which at least one player�s reneging constraint is violated with the jointly optimal

action pro�le that satis�es everyone�s reneging constraint for the current set of continuation values.

This procedure does not a¤ect the actions taken at states in which all reneging constraints are

satis�ed, since if it did, then the original strategy was not optimal. Compute the new continuation

values for this strategy, and repeat this procedure until convergence. The resulting strategy pro�le,

by construction, is a jointly optimal stationary equilibrium.

We show this result in the contexts of two examples that are common in the literature on

repeated games. The �rst is a favor-exchange setting in which multiple activities that require help
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arrive randomly each period (Mobius (2001) and Hauser and Hopenhayn (2008)). The second

is Bertrand collusion under multimarket contact (Bernheim and Whinston (1990)) with demand

�uctuations (Rotemberg and Saloner (1986), Sekiguchi (Forthcoming)). In both applications, we

assume there are two symmetric players for simplicity. Our results also apply to relational incentive

contracts under imperfect public monitoring, but we defer discussion of this application to Section

5.

3.2 Favor Exchange with Multiple Activities

Our �rst application is to favor-exchange games with multiple activities. In favor-exchange games,

with probability p, cooperation is required in order to complete an activity, so individuals must ask

each other for favors. However, concerns about whether favors will be returned in the future limits a

sel�sh individual�s incentives to grant favors today. A number of papers have studied the conditions

under which favors are exchanged in equilibrium when individuals engage in a single activity (e.g.,

Mobius (2001), Hauser and Hopenhayn (2008), and Abdulkadiroglu and Bagwell (2013)).

As an application of Theorem 1, we show that when favor exchange is not an equilibrium in

Mobius�s (2001) model with a single task (because the costs of granting a favor, c, are larger than

the future surplus generated by continued exchange), there does not exist an equilibrium of the

M -task game in which all favors are exchanged. However, if p � c is smaller than the future surplus
generated by continued exchange, then there exists a sequence of equilibria as M ! 1 in which

all favors are exchanged with probability approaching 1. This is the sense in which favor exchange

can be almost-perfectly replicated but not perfectly replicated.

Further, we characterize the optimal stationary equilibrium when M is �nite. We �rst show

that the optimal stationary equilibrium is symmetric and that each player�s strategy takes a cuto¤

form: each player grants all favors that he is asked to perform unless the total number of favors

requested exceeds a cuto¤ T � (M), in which case he performs T � (M) favors. We then show how

T � (M) can be calculated for each M and calculate the limit of T � (M) =M as M !1. The limit
is increasing in the discount factor of the players.

Formally, consider the following component game. There are two identical players with the

same discount factor �. In each period, player 1 requires a favor from player 2 with probability p.

Independently, player 2 requires a favor from player 1 with probability p. We use h to denote the

state that a favor is needed and l the state that it is not. In each period, there are in total four

states, s 2 fll; lh; hl; hhg; where the �rst letter denotes the state for player 1 and the second letter
for player 2. For example, hl means that player 1 needs a favor but player 2 does not. We also use
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si 2 fl; hg denote the state of player i = 1; 2; and we denote s�i as the state for the player �i:
The players simultaneously choose whether to grant the favor. If the favor is granted, the player

that grants the favor incurs a cost of c; and the player that is granted the favor receives a bene�t

of b > c. For each player i = 1; 2; the set of feasible actions is denoted by Ai = f0; 1g; where 1
means that the player grants the favor and 0 means that he does not. We allow for the players

to use mixed strategies, and we denote the probability that player i grants the favor in state s as

Pr
�
ai(s) = 1

�
.

In the e¢ cient outcome, each favor is granted whenever it is requested (ai(s) = 1 when s�i = h

for i = 1; 2), and the expected per-period payo¤ of each player is given by uFB � p (b� c). To
sustain the e¢ cient outcome as an equilibrium, player i�s short-term gain from reneging (by not

granting the requested favor, thereby saving on costs c) must be smaller than the loss in future

surplus he incurs. This game has the common minmax property, and therefore trigger strategies

constitute an optimal penal code as in Abreu (1988). We may therefore focus on trigger strategies in

which deviations are followed by both players stopping favor granting in all future periods, yielding

future payo¤s of 0 for both players. It follows that the necessary and su¢ cient condition to sustain

the e¢ cient outcome is given by

c � �

1� � p (b� c) ;

or equivalently,
�

1� � �
c

p (b� c) : (Bilateral Sustainability)

Next, suppose the two players engage in simultaneous favor exchange in M separate and in-

dependent activities. In each activity there are again four possible states (ll; lh; hl; hh), and the

realizations of states are independent both across activities and across periods. A stationary equi-

librium is characterized by
�
aim
�
sM
�	M
m=1

, where aim
�
sM
�
is the action taken by player i in the

mth activity when the aggregate state is given by sM 2 fll; lh; hl; hhgM . We again allow the players
to use mixed strategies, and Pr(aim

�
sM
�
= 1) is the probability that player i gives favor in activity

m under state sM :

Denote ui
�
sM
�
as player i0s associated per-period total payo¤ across all M activities in state

sM . Again, we assume that the grim trigger strategy is used to support the equilibrium. In other

words, following any deviation, each player i = 1; 2 sets aim
�
sM
�
= 0 for all m and sM in all future

periods, so that the future payo¤ for each player following the deviation is zero.

The necessary and su¢ cient condition for supporting the equilibrium that gives each player
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ui
�
sM
�
in state sM is

dimaxM � max
sM

�
diM

�
sM
�	
� �

1� �E
�
ui
�
sM
��
for all i;

(Necessary and Su¢ cient Condtion for the Equilibrium)

where diM
�
sM
�
is player i0s maximal reneging temptation in state sM . Note that player i0s maximal

reneging temptation is essentially given by the number of favors he is asked for. In particular, if

player i is asked to grant at most T favors, his maximal reneging temptation is Tc. More formally,

diM
�
sM
�
= c

MX
m=1

aim
�
sM
�
:

We now characterize the condition necessary to sustain the e¢ cient outcome in this setting

(i.e., where average per-period payo¤s are E
�
ui (sm)

�
= Mp (b� c) for i = 1; 2; where p(b � c) is

the �rst-best average per-period payo¤ that each player i can obtain with a single activity). Note

that for the e¢ cient outcome to be sustained as an equilibrium, each player i must grant a favor

in activity k whenever player �i requests it. That is,

aik
�
sM
�
= 1 if sM;�ik = h:

It follows that player i0s maximal reneging temptation occurs when player �i requests favors in all
M activities (i.e., dimaxM =Mc). This implies that the necessary and su¢ cient condition to sustain

the �rst best is given by

Mc � �

1� �Mp (b� c) ;

which is the same condition to sustain the e¢ cient outcome when there is only a single activity.

The reason for this is that the player�s payo¤ from the e¢ cient outcome and his maximal reneging

temptation are both linear in the number of the activities. Therefore, having multiple activities

does not a¤ect the necessary and su¢ cient condition for sustaining the e¢ cient outcome as an

equilibrium.

Increasing the breadth of the relationship by interacting over multiple activities, however, does

expand the scope for favor exchange, even if it does not a¤ect the conditions required for attaining

�rst-best favor exchange. When there is a single activity, the average reneging temptation for each

player under the e¢ cient outcome is pc. It follows from Theorem 1 that as long as

�

1� � >
c

b� c ;

the e¢ cient outcome can be almost-perfectly replicated as M goes to in�nity.
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Our next result further illustrates the gain of having multiple activities by characterizing the

optimal stationary equilibrium, the time-invariant equilibrium that maximizes the players� joint

surplus. To describe the equilibrium, it is useful to introduce the following notation. Let F (T;M)

be the CDF of a binomial distribution with parameters (p;M). That is, F (T;M) is the probability

that there are fewer than T successes inM trials when the success probability for each trial is given

by p.

In addition, de�ne H1(sM ) as the total number of favors requested for player 1 in state sM :

H1(s
M ) =

MX
m=1

1fsMm 2 flh; hhgg;

where 1 is the indicator function. De�ne H2(sM ) accordingly.

Proposition 1. When �
1�� 2 (

c
b�c ;

c
p(b�c)); the optimal stationary equilibrium satis�es the follow-

ing:

1. There exists T �(M) such that

aim
�
sM
�
= 1 when sM;�im = hPM

m=1 a
i
m

�
sM
�
= T �(M)

for Hi(sM ) � T �(M)
for Hi(sM ) > T �(M):

T �(M) is the largest integer satisfying

T �(M)c � �

1� �V (T
�(M);M);

where V (T;M) =Mp (b� c)�
PM
m=T (1� F (m;M)) (b� c) :

2. T �(M) is weakly increasing in M . Moreover, for any natural number n;

T � (nM)

nM
� T �(M)

M
:

As the number of activities goes to in�nity,

lim
M!1

V (T �(M);M)

M
= p(b� c);

p < lim
M!1

T �(M)

M
=

�

1� �
p(b� c)
c

< 1:
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Proof of Proposition 1. See Appendix.

Part 1 of Proposition 1 shows that the optimal stationary equilibrium is symmetric and takes

a cuto¤ form: each player grants every favor requested up to T �(M) in total. The surplus of

the relationship is determined by the expected number of favors granted in each period. Given

a total surplus V (T;M), the cuto¤ T̂ (M;T ) is the maximal number of favors requested such

that the reneging temptation T̂ (M;T ) c � �
1��V (T;M). The optimal cuto¤ is a �xed point

T � (M;T � (M)) = T � (M). That is, the cuto¤ minimizes the maximal number of self-enforcing

favors.

Part 2 describes how the optimal cuto¤ varies with the number of activities. It is clear that

the optimal cuto¤ is weakly increasing, since total surplus is weakly increasing in the number of

activities for a given cuto¤ T . Moreover, Part 2 shows that the ratio of the optimal cuto¤ to the

total number of activities is in general increasing.1 It is clear from Theorem 1 that as M goes to

in�nity, the limit of the ratio must exceed p since the �rst-best actions can be almost-perfectly

replicated (through the type of suboptimal strategies constructed in its proof). Part 2 gives the

exact value of the limit and shows that it is strictly increasing in the discount factor.

3.3 Bertrand Collusion and Multimarket Contact

The second application is to Bertrand collusion between duopolists who interact in multiple mar-

kets. When demand �uctuates between high- and low-demand states, Rotemberg and Saloner

(1986) show that the optimal collusive agreement involves more aggressive price competition when

demand is higher. In the same setting, Bernheim and Whinston (1990) demonstrate that con-

tact in two markets (with perfectly negatively correlated demand shocks) helps sustain collusion

in each relative to single-market collusion. Bernheim and Whinston (1987) consider more general

correlation structures.

In this section, we consider the same model as in Bernheim and Whinston, but we assume

demand shocks are independent across M separate markets. As in the previous section, we show

that the optimal stationary collusive equilibrium can be described by cuto¤ strategies: �rms charge

monopoly prices whenever the number of high-demand markets does not exceed a cuto¤ T �(M);

otherwise, �rms charge prices yielding total pro�ts of �� (M) across all M markets. We compute

the limit of T �(M)=M as M goes to in�nity and show that the limit is increasing in the discount

factor of the �rms.
1 It is not true that T �(M)=M is always increasing, because of integer problems: there will always exist M such

that as M increases to M + 1; T �(M + 1) = T �(M):
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Formally, consider the following component game. There are two in�nitely lived �rms, i = 1; 2

with common discount factor �. Both �rms produce identical goods at zero marginal cost. In each

period, there are two possible states of demand s 2 fh; lg; where h denotes a high-demand state.
The high-demand state occurs with probability �, and the realizations of the states are independent

across periods. Denote the demand of the good as q(p; s); where p is the lower price set by the

�rms. We assume that q(p; l) � q(p; h) for all p: Moreover, we assume that for each s 2 fh; lg;
�(p; s) � pq(p; s) is continuous in p, and there exists a p� (s) that uniquely maximizes it: p� (s)

is the monopoly price, the associated monopoly pro�ts are ��(s) � p� (s) q(p� (s) ; s). Notice that
��(h) � ��(l):

The two �rms engage in Bertrand competition. In each period t, each �rm i = 1; 2 simultane-

ously chooses pit 2 Ai = [0;1): The payo¤ of �rm i is given by

�i
�
pit; p

�i
t ; s

�
=

8>><>>:
pitq(p

i
t; s)

0
1
2p
i
tq(p

i
t; s)

pit < p
�i
t

pit > p
�i
t

pit = p
�i
t :

We assume that the �rm with a lower price captures the entire market, and when the prices of the

two �rms are the same, the market share is split evenly. As in the favor-exchange game, we restrict

attention to stationary strategies: the strategy of each �rm i can be described by pi(s); s = h; l: A

price of zero is the common minmax. If any �rm ever deviates, we assume that both players set

prices equal to 0 in all future periods for all states.

Perfect collusion requires the market price to be equal to the monopoly price in all states:

minifpi(s)g = p� (s) for each s 2 fl; hg. The next proposition describes the necessary and su¢ cient
condition required to support perfect collusion.

Proposition 2. Perfect collusion can be supported as an equilibrium if and only if

�� (h) � �

1� � (��
� (h) + (1� �)�� (l)) : (Bilateral Perfect Collusion)

Proof of Proposition 2. For su¢ ciency, note that if the condition above is satis�ed, it is easy to

check that pi(s) = p�(s) for s = h; l; i = 1; 2 is an equilibrium. To prove necessity, take any strategy

pro�le pi(s); i = 1; 2 that supports perfect collusion. Let �1 (s) and �2 (s) be, respectively, �rm 1�s

and �rm 2�s pro�ts in state s: Perfect collusion implies that �1 (s) + �2 (s) = �� (s). In state h;

�rm i can guarantee itself a payo¤ of �� (h) � " for any " > 0 by setting a price slightly smaller

than p�(h). It follows that

�� (h)� " � �i (h) +
�

1� � (��i (h) + (1� �)�i (l))

12



for each i = 1; 2: Summing over i = 1; 2; and using �1 (s) + �2 (s) = �� (s) ; we obtain that

�� (h)� " � �

1� � (��
� (h) + (1� �)�� (l)) :

Taking " to 0, we obtain the desired result.�

Next, suppose the �rms engage in simultaneous Bertrand competition in M separate markets,

indexed by m 2 f1; : : : ;Mg. In each market, there are two possible states: (h; l). Let sMt 2
fh; lgM denote the vector of states realized in period t. Market-level demand shocks are mutually

independent and identically distributed. As in the single-market case, we study stationary strategies,

which are characterized by
�
pim
�
sM
�	M
m=1

, i = 1; 2, where pim
�
sM
�
is the price set by �rm i in

the mth market when the aggregate state is given by sM . Denote by �i
�
sM
�
�rm i�s associated

per-period total pro�t across all M markets in state sM .

When there are M markets, perfect collusion requires that for each state sM ; the market price

in the mth market is equal to the monopoly price associated with state sMm for all m. That is,

mini=1;2fpim
�
sM
�
g = p�

�
sMm
�
for all m; and all sM . As in the favor-exchange model, the number

of markets does not a¤ect the conditions required for supporting perfect collusion. The reason is

exactly the same: the maximal aggregate reneging temptation occurs when the state is high in

all markets, and this implies that both the maximal aggregate reneging temptations and the total

surplus are linear in M . As a result, the number of markets is irrelevant for supporting perfect

collusion. This reasoning is similar to Bernheim and Whinston (1990), who show that multimarket

contact does not a¤ect the conditions required for sustaining collusion when markets are symmetric,

and there is no uncertainty.

While it does not a¤ect the condition for perfect collusion, multimarket contact still expands the

scope for collusion by increasing the set of equilibrium payo¤s. Notice that when there is a single

market, the average total reneging temptation under the perfect collusion is ��� (h)+(1� �)�� (l) :
It follows from Theorem 1 that as long as

�

1� � > 1;

the e¢ cient outcome can be almost-perfectly replicated as M goes to in�nity.

Our next result describes the e¤ect of multi-market contact by characterizing the optimal sta-

tionary collusive equilibrium, which maximizes the �rms�joint pro�ts. To describe the equilibrium,

let F (T;M) be the CDF of a binomial distribution with parameters (�;M). That is, F (T;M)

is the probability that there are fewer than T successes in M trials, when the success probability

for each trial is given by �. Let f(T;M) be the associated probability mass function. In addition,

13



de�ne H(sM ) as the total number of markets in which the demand is high in state sM .

H(sM ) =
MX
m=1

1fsMm = hg;

where 1 is the indicator function.

Proposition 3. When �
1�� 2 (1;

��(h)
���(h)+(1��)��(l)); the optimal stationary equilibrium satis�es the

following.

1. The total expected per period payo¤ ��(M) satis�es

��(M) =
(1� �)

�PT �(M)
T=0 (T�� (h) + (M � T )�� (l))f(T;M)

�
1� � � � (1� F (T �(M);M)) ;

where T �(M) is the largest number satisfying

T �(M)�� (h) + (M � T �(M))�� (l) �
�
�PT �(M)

T=0 (T�� (h) + (M � T )�� (l))f(T;M)
�

1� � � � (1� F (T �(M);M)) ;

Moreover,

minfpim
�
sM
�
gi=1;2 = p�

�
sM
�PM

m=1 �
1
m

�
sM
�
+ �2m

�
sM
�
= �

1���
�(M)

for H(sM ) � T �(M)
for H(sM ) > T �(M):

2. T �(M) is weakly increasing in M and for any natural number n;

T � (nM)

nM
� T �(M)

M
:

As the number of activities increases,

lim
M!1

��(M)

M
= ��� (h) + (1� �)�� (l) ;

� < lim
M!1

T �(M)

M
=
� (��� (h) + (1� �)�� (l))� (1� �)�� (l)

(1� �) (�� (h)� �� (l)) < 1:

Proof of Proposition 3. See Appendix.

The results of Proposition 3 mirror those of Proposition 1. Part 1 shows that the optimal

stationary equilibrium takes a cuto¤ form: the market price is equal to the monopoly price in

each market as long as the total number of high-demand states is less than T �(M). When the
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number of high-demand states exceeds T �(M), the total pro�t across all markets is exactly equal

to to ���(M)= (1� �). Part 2 describes how the optimal cuto¤ varies with the number of markets.
As in the favor-exchange model, the optimal cuto¤ is weakly increasing, and the limit is strictly

increasing in the discount factor.

Finally, notice that the condition required for sustaining the fully collusive equilibrium payo¤

whenM !1 is the same as the condition for reaching full cooperation with two markets that have

perfectly negatively correlated demand shocks. In the setting with M = 2 and perfectly negatively

correlated demand shocks, Bernheim and Whinston (1990) show that the condition for sustaining

any non-zero equilibrium payo¤ pair �l and �h is given by

�l + �h �
�

1� � (�l + �h) ;

where the left-hand side is the maximal reneging temptation payo¤, and the right-hand side is the

loss in continuation payo¤s. Note that this condition is equivalent to � � 1=2, so in particular,

the condition for sustaining the fully collusive outcome is given by � � 1=2. When there are two
markets with perfectly negatively correlated demand shocks, the deviation gain is the same in each

state of the world, and it is therefore equal to the average deviation gain. Similarly, when there

are many markets with independent demand shocks, the maximal deviation per market under the

cuto¤ strategy converges in probability to the average deviation gain per market as the number of

markets grows large. In other words, the law of large numbers implies that the maximal deviation

gain per market is essentially smoothed out to be equal to the average deviation gain when the

number of markets is large.

4 Relational Incentive Contracts

In this section, we extend the limit result of Theorem 1 and the �nite-breadth results of Section 4

to two classes of models of relational incentive contracts: multiple activities and multiple agents.

The �rst involves a single principal and a single agent who chooses an unobserved e¤ort level in

each of M independent tasks, a setting similar to Bond and Gomes (2009). The second involves a

single principal and M agents who each choose a single unobserved e¤ort level, as in Levin (2002).

Under imperfect public monitoring, noisy performance measures imply noisy rewards. Relational

contracts put an upper bound on self-enforcing transfers and therefore limit the extent to which

rewards can vary with the underlying performance measure. The ability to sustain cooperation

using relational incentive contracts is therefore limited by the magnitude of the maximal reward

necessary to provide incentives for cooperation. Agents are, however, motivated to exert e¤ort by
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expected bonuses.

4.1 Relational Incentive Contracts with Multiple Activities

In this section, we consider a relational incentive contract between a risk-neutral principal and a

risk-neutral agent who chooses unobserved binary e¤ort in M activities. This setting is similar to

Bond and Gomes (2009) who analyze the optimal formal contract. The key complication is that

this is a moral-hazard problem in which the �rst-order approach is not valid. As a result, non-local

constraints may (and in fact do) bind.

The component game is the following. A risk-neutral principal and a risk-neutral agent interact

in each period and have a common discount factor �. In each period, the principal makes an o¤er

(s; b) to the agent, which consists of a salary transfer s and a bonus b that is promised if output is

high (as well as a bonus of 0 if output is low). If the agent rejects the o¤er, both players receive 0.

If the agent accepts, he receives the salary transfer s and then chooses an e¤ort level e 2 f0; 1g at
cost ce, which determines the probability that output is realized Pr [y = 1j e] = pe, where p < 1. If
output is positive, the principal chooses whether to pay the bonus b or to pay 0.

If the agent anticipates the bonus will be paid if and only if output is positive, he will choose

e¤ort e = 1 if and only if b � c
p . The principal is willing to pay the bonus when output is

positive if b � �
1�� (p� c), where the right-hand side is the discounted expected surplus generated

in the relationship if e = 1 is chosen in every period. Such a bonus exists, and therefore e = 1 is

implementable as an equilibrium in every period, if and only if

c

p
� �

1� � (p� c) .

Assume that the principal implements e¤ort by choosing the minimal bonus consistent with the

agent�s incentive-compatibility constraint: b = c
p . The principal�s reneging temptation when output

is zero is 0, and his reneging temptation when output is 1 is c
p . The principal�s average reneging

temptation is therefore c.

We now consider the full game, which consists of production in M independent tasks. In each

period, the principal makes the agent an o¤er
�
s; fbmgMm=1

�
, which consists of a transfer s and

bonus levels bm that are paid when output is high in m tasks. The agent, should he accept the

o¤er, receives s and chooses e¤ort e = (e1; : : : ; eM ) 2 f0; 1gM at linear cost c �
PM
m=1 em. E¤ort in

task m a¤ects output in task m according to Pr [ym = 1j em] = pem. After observing m positive

outputs, the principal decides whether to pay the promised bonus bm or to pay 0. The principal�s

payo¤ is
P
ym � s� bm if he pays the bonus and

P
ym � s if he does not.
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Analogous to Theorem 1, we can show that e¤ort in each task and a linear bonus scheme

bm = m c
p are sustainable as an equilibrium only if cp �

�
1�� (p� c). If, on the other hand,

c
p >

�
1�� (p� c) > c, then e¤ort in each task and a linear bonus scheme bm = m

c
p are not sustainable as

an equilibrium. However, as M ! 1, e¤ort in each task and a bonus scheme in which bm = m c
p

with probability approaching one are sustainable as an equilibrium.

For �nite M , however, we can go farther and characterize the optimal multi-activity relational

contract.

Proposition 4. If c
p >

�
1�� (p� c) > c, then the optimal multi-activity relational contract that

implements e¤ort in each task has the following non-linear bonus scheme:

bm =

8>><>>:
0

�

�

P
ym < m

� (M)P
ym = m

� (M)P
ym > m

� (M) ;

where 0 � � � �.

Proof of Proposition 4. See Appendix.

The intuition for the proof is as follows. Because the salary component can be used to extract

all the surplus from the agent at the beginning of each period, it su¢ ces to solve the dual problem

of �nding the bonus scheme that implements e¤ort in each task with the smallest maximal bonus.

However, this is a relatively complicated problem with M potential deviations by the agent (i.e.,

the agent can choose to exert e¤ort in 0 � K < M tasks rather than exerting e¤ort in each task).

It su¢ ces, however, to ignore all but two of the agent�s incentive-compatibility constraints: the

local constraint (i.e., that the agent does not prefer to choose e¤ort in K = M � 1 tasks) and the
global constraint (i.e., that the agent does not prefer to choose e¤ort in K = 0 tasks). Showing

that the solution to this relaxed problem is also a solution to the full problem is non-trivial and is

similar to the analysis of Bond and Gomes (2009).

If the global constraint did not need to be satis�ed, the principal would optimally choose a

threshold bonus scheme in which bm = 0 if output is su¢ ciently low, and bm = � if output is

su¢ ciently high. The threshold m̂ would be chosen such that the bonus � that implements e¤ort

given this threshold rule is minimized, as this would be the scheme with the smallest maximal

bonus that is capable of satisfying the agent�s local constraint.

However, this bonus scheme does not satisfy the agent�s global constraint, as it also minimizes

the agent�s interim rents. In order to satisfy the agent�s global constraint, the optimal contract

chooses a lower threshold m� < m̂ such that if m� were larger, the global constraint would be slack.
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At this value of m�, interim rents are then adjusted downward at the cuto¤ value by decreasing

the amount paid at the cuto¤ value to � < � until the global constraint is exactly binding.

That the form of the optimal bonus scheme in this setting is not linear in realized output implies

that the optimal relational contract pools together performance in the M independent tasks. Slack

is transferred from states of the world in which the linear contract calls for large bonus payments

to states of the world in which it does not. Since the agent is motivated by his expected bonus, his

incentives remain in place.

4.2 Relational Incentive Contracts with Multiple Agents

Our �nal application is to a model of relational contracts with multiple agents and imperfect public

monitoring of output but perfect public monitoring of bonus payments, similar to Levin (2002). In

the optimal relational contract in this setting, the principal pays out a �xed bonus pool as long

as one or more agents produces high output. The bonus in a given period is shared equally by all

agents who produce high output in that period. We study how the number of agents (M) a¤ects

the condition for sustaining a relational contract in which all agents exert e¤ort. As the number

of agents grows large, the conditions under which such a relational contract can be sustained as an

equilibrium depend on the average (across agents) reneging temptation of the principal.

The component game is the same as the component game in the previous subsection, except we

now allow for the possibility that high output is not a perfect signal of high e¤ort. That is, following

an e¤ort choice et 2 f0; 1g by the agent, the probability that output is high is Pr [yt = 1j et] =
pet + q (1� et). Levin (2003) shows that the optimal relational contract can be sustained with a
stationary relational contract that speci�es a constant base wage s and a constant bonus b to be

paid out when output is high. The base wage is chosen so that P captures all of the surplus. The

expected payo¤ of P is given by p� c � V . If P deviates by not paying the bonus, the parties will
take their outside options forever in the future periods, giving both parties their outside options.

Throughout, we assume that p� c > q, so that high e¤ort is e¢ cient.
To support high e¤ort, the bonus must be large enough so that A prefers to choose et = 1 rather

than et = 0. That is, we must have b � c= (p� q). In to prevent P from choosing not to pay the

bonus, the bonus must be smaller than his expected future surplus

�V

1� � � b.

It is well-known that the necessary and su¢ cient condition to sustain the optimal relational contract
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is given by linking these two conditions together, i.e.,

c

p� q �
�V

1� � ,

or equivalently,
�

1� � �
c= (p� q)

V
: (Bilateral Sustainability)

Note that the right-hand side is the ratio between the maximal deviation and the surplus of the

relationship.

Next, suppose P interacts with M agents simultaneously. Again, assume that for each agent

i, his output in period t is given by Pr [yit = yjeit] = peit + q (1� eit) and his cost of e¤ort is c.
Agents�outputs are mutually independent. Levin (2002) shows that in this setting, the optimal

relational contract is again stationary. In this case, the optimal relational contract speci�es a bonus

pool BM to be shared by agents with high output. No bonus is given out when all outputs are low.

In addition, P sets the wages to extract all the surplus.

To motivate each agent i to choose high e¤ort, the condition is given by

M�1X
k=0

BM
k + 1

Pr

24X
j 6=i

yj = ky

35 � c

p� q for all i,

where the left-hand side is the expected bonus of agent i conditional on having a high output. To

prevent P from reneging on the bonus, the condition is

BM � M�V

1� � ;

where the right-hand side is the future expected gain of P by staying in the relationship. Again,

the necessary and su¢ cient condition for supporting the relational contract is to link the conditions

together:
M�V

1� � �
c= (p� q)PM�1

k=0
1
k+1 Pr

hP
j 6=i yj = ky

i :
The next corollary simpli�es the expression above and makes clear how the condition varies

with M .

Corollary 1. The optimal relational contract can be sustained if and only if

�

1� � �
pc= (p� q)�

1� (1� p)M
�
V
. (Multilateral Sustainability)
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Proof of Corollary 1. Note that

M�1X
k=0

1

k + 1
Pr

24X
j 6=i

yj = ky

35 =

M�1X
k=0

1

k + 1

�
M � 1
k

�
pk (1� p)M�1�k

=
1

Mp

m�1X
k=0

�
M

k + 1

�
pk+1 (1� p)M�1�k

=
1� (1� p)M

Mp
.

Substituting this into
M�V

1� � �
c= (p� q)PM�1

k=0
1
k+1 Pr

hP
j 6=i yj = ky

i ;
we obtain the corollary.�

The condition in Corollary 1 is easier to satisfy for larger M : there are increasing returns to

scale in sustaining relational contracts. The reason that multilateral relational contracts are easier

to sustain than bilateral relational contracts is again because of the cross-subsidization of incentive

constraints. When there is more than one agent, slack can be transferred from states of the world in

which P�s non-reneging constraint is not binding to states in which it is binding, while maintaining

each agent�s incentives to exert e¤ort. The corollary shows that the cross-subsidization of non-

reneging constraints can be made more e¤ective when the number of agents is larger. In particular,

when M !1, the condition to sustain e¢ cient e¤ort in the relational contract becomes

�

1� � >
pc= (p� q)

V
; (Limit Condition)

where notice that p c
p�q is the average bonus paid in the optimal bilateral relational contract. In

large �rms, therefore, cooperation is limited not by the magnitude of the maximal bonus, but rather

by the magnitude of the average bonus.

5 Conclusion

This paper explores the degree of e¢ ciency gains that can be achieved by increasing the number

of activities that players engage in an in�nitely repeated game. We study a repeated game that

is composed of M identical component games. For a strategy to be supported as an equilibrium

outcome in a component game, the maximal reneging temptation must be smaller than the future

surplus for each player. As M tends toward in�nity, the same strategy can be almost-perfectly

replicated as long as the average deviation gain is smaller than the future surplus for each player.

This is a considerably weaker condition, especially in very volatile environments.

20



We apply this result to three applications: favor exchange, multi-market contact, and mul-

tilateral relational contracts. In all three applications, we characterize the optimal stationary

equilibrium in games of �nite breadth. A common feature among all three applications is that the

optimal equilibria take a cuto¤ form in the sense that a player will cooperate as much as possible

when the deviation gain does not exceed an endogenous cuto¤.

The e¢ ciency gains arise from increasing the number of activities. The same type of gain can

also be realized through increasing the number of players. For example, instead of having each

player engaging in M types of activities, one may consider a model such that each player only

carries out one type of activity, yet there are M players in total. In the favor exchange setting, for

example, one can consider a scenario in which there are M players, and each player i may ask a

favor from each player j 6= i with probability p in each period. In this case, the same logic applies,
and it can be shown that increasing the number of players facilitates cooperation. Speci�cally,

full cooperation can be almost-perfectly replicated as M goes to in�nity as long as the average

deviation gain is smaller than the future surplus.

Our results can be taken in several directions. For example, in a model with endogenous gover-

nance structures (such as �rm boundaries), the number of activities the �rm engages in a¤ects the

optimal governance structure. Baker, Gibbons, and Murphy (2011) takes the view that governance

structures should be designed to support cooperation by minimizing the maximal deviation gain.

Our analysis suggests that as the number of activities increases, the relevant deviation gain is the

average, rather than the maximal, deviation gain. In other words, optimal governance structures

can change as businesses expand the breadth of their activities.

Another potential application is to organization formation. Our results suggest that organiza-

tions might arise precisely because cooperation is easier to sustain with a larger number of players.

Our results further suggest that the types of individuals who should be included in an organization

depends on the scale of the organization. Smaller-scale organizations should pay more attention to

maximal deviation gains, and therefore should hire individuals whose performance is predictable.

Larger-scale organizations should focus on average deviation gains, and they can therefore tolerate

individuals whose performance is more variable.
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Appendix

The appendix contains four sections. The proof for our main limit result is in section A. The proofs
for our applications are in sections B, C, and D.

A. Limit Result

Theorem 1. Consider a strategy of the component game a� (s). The following are true:

1. If davgi < �V �i for all i, then a
� (s) can be a.p. replicated.

2. If davgi > �V �i for some i, then a
� (s) cannot be a.p. replicated.

Proof of Theorem 1. We prove Part 1 �rst. Suppose davgi < �V �i for all i. Now, for any "1 > 0,
there exists " 2 (0; "1) such that (1 + ") davgi < � (V �i � "B= (1� �)) for all i, where recall that B is
the upper bound of the component-game payo¤. De�ne the event E as the set of states for which
the M -sample average of i�s deviation gains are below davgi (1 + ") for all i:

E =

(
sM :

1

M

MX
m=1

di
�
sMm
�
< davgi (1 + ") for all i

)
:

By the Weak Law of Large Numbers, there existsM (") such that for allM �M ("), Pr [E] > 1�".
Now, for all M �M ("), consider the following conjectured stationary equilibrium. Each player

i chooses

aim
�
sM
�
=

(
a�i
�
sMm
�

ai

if sM 2 E
if sM 62 E

if no player has deviated, and the players switch to playing a otherwise. De�ne uMi as the ex-
pected per-period payo¤ of player i under this conjectured equilibrium and �VMi = �uMi = (1� �)
the corresponding continuation value. Notice that uMi � M(u�i � "B), and therefore, �VMi �
�M (V �i � "B= (1� �)) :

Now for any sM 62 E, it is clear that no player has the incentive to deviate. For sM 2 E, player
i�s gain from deviating is smaller than Mdavgi (1 + ") by the de�nition of E. Player i�s continuation
loss is given by �VMi . Since

(1 + ")Mdavgi < �M

�
V �i �

�"B

1� �

�
� �VMi ,

player i will not deviate. The conjectured stationary equilibrium is therefore an equilibrium. In
addition, Pr

�
a�m
�
sM
�
= a�

�
sMm
�
for all m

�
� 1� " � 1� "1 by construction. This proves Part 1.

We next turn to proving Part 2. Without loss of generality, we may assume that davg1 >
�u�1= (1� �). Suppose to the contrary that a� (s) can be almost-perfectly replicated. For any " > 0,
there then exists a stationary equilibrium characterized by

�
am
�
sM
�	M
m=1

and a set F � SM such
that (1) Pr [F ] > 1� " and (2) for all sM 2 F , a1m

�
sM
�
= a�1

�
sMm
�
for all m.

Let uM1 be player 1�s per-period expected payo¤ associated with this equilibrium and �VM1 the
corresponding continuation value. Recall that u1 (a; s) 2 [0; B] for all a and s. It then follows that
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uM1 �M (u�1 + "B) �M (1 + "1)u
�
1. Notice that "1 goes to 0 as " goes to 0. Now for

�
am
�
sM
�	M
m=1

to be an equilibrium outcome, a necessary condition is that player 1 cannot bene�t from deviating
when sM 2 F :

MX
m=1

d1
�
sMm
�
� �V m1 = �M (1 + "1)V

�
1 for all s

M 2 F .

It follows that
MX
m=1

Pr
�
sM
�
d1
�
sMm
�
� �M (1 + "1)V

�
1 for all s

M 2 F .

Now, notice that

Mdavg1 =
MX
m=1

Pr
�
sM
�
d1
�
sMm
�
� �M (1 + "1)V

�
1 Pr [F ] +MB (1� Pr [F ])

� �M (1 + "1)V
�
1 (1� ") +MB" � �M (1 + "2)V

�
1

for some "2. Also notice that "2 goes to 0 as " goes to 0. The above then implies that d
avg
1 � �V �1 ,

contradicting the original claim.�

B. Favor Exchange

Proposition 1. When �
1�� 2 (

c
b�c ;

c
p(b�c)); the optimal stationary equilibrium satis�es the follow-

ing:

1. There exists T �(M) such that

aim
�
sM
�
= 1 when sM;�im = hPM

m=1 a
i
m

�
sM
�
= T �(M)

for Hi(sM ) � T �(M)
for Hi(sM ) > T �(M):

T �(M) is the largest integer satisfying

T �(M)c � �

1� �V (T
�(M);M);

where V (T;M) =Mp (b� c)�
PM
m=T (1� F (m;M)) (b� c) :

2. T �(M) is weakly increasing in M . Moreover, for any natural number n;

T � (nM)

nM
� T �(M)

M
:

As the number of activities goes to in�nity,

lim
M!1

V (T �(M);M)

M
= p(b� c);

p < lim
M!1

T �(M)

M
=

�

1� �
p(b� c)
c

< 1:
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Proof of Proposition 1. We prove the two parts of the proposition separately. The proof of Part
1 requires several steps.

Part 1, Step 1. The optimal equilibrium must give both players the same expected
payo¤. Take a strategy ai: De�ne the expected number of favors player i does as ei :

ei =
X
sM

Pr(sM )
MX
m=1

Pr(aim
�
sM
�
= 1):

Now de�ne Ei(e) as the set of stationary (mixed) strategies that player i does e favors (in
expectation) per period. Let di(e) be the smallest maximal reneging temptation for the strategies
in Ei(e); and let ti(e) = di(e)=c: De�ne E�i (e) � Ei(e) as the set of strategies in which player i
does e favors in expectation per period and the maximal reneging temptation is ti(e)c: The game
is symmetric, so t1(e) = t2(e) � t(e) for all e; and it is clear that t(e) is weakly increasing in e:

Now take an optimal equilibrium that gives player 1 expected per-period payo¤ u1 and player
2 u2: It follows that

u1 = e2b� e1c;
u2 = e1b� e2c;

where ei is the expected number of favors player i does. Let di be the maximal reneging temptation
for player i and let T i = di=c; be the associated the maximal number of favors player i is asked to
carry out. Since this is an equilibrium, we have

T ic � �

1� �ui; i = 1; 2:

Now suppose to the contrary that u1 > u2: It follows that e2 > e1: For small enough " > 0;
choose a strategy a1 2 E�1(e1+ ") and a strategy a2 2 E�2(e2): This strategy pro�le gives per-period
payo¤s of u1 � c" for player 1 and u2 + b" for player 2. In addition, player 1�s maximal reneging
temptation is t(e1 + ")c and player 2�s is t(e2)c: For su¢ ciently small enough "; we have

t(e1 + ")c � t(e2)c � T 2c �
�

1� �u2 <
�

1� � (u1 � c") ;

where the �rst inequality follows because t is weakly increasing and e1 < e2, the second inequality
follows because a2 2 E�2(e2); the third inequality follows because the initial strategy is an equilib-
rium (so player 2 will not deviate), and the last inequality follows because u1 > u2: This implies
that player 1 will not deviate. In addition, for player 2,

t(e2)c � T 2c <
�

1� � (u2 + b") ;

so player 2 will not deviate either. Therefore, (a1; a2) is an equilibrium. Moreover, its total
surplus is larger than the original equilibrium since more favor is carried out in expectation. This
contradicts the claim that the original equilibrium is optimal.
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Part 1, Step 2. Any optimal strategy has a symmetric equivalent. Take any state sM ;
denote sM its mirror image: for all m; the �rst and second letter of sMm 2 fhh; hl; lh; llg switches
order. For example, if sMm = hl; then sMm = lh; and if sMm = hh; then sMk = hh: Now take an
optimal equilibrium (a1; a2). By Step 1, the associated payo¤s satisfy u1 = u2 = u; and thus, the
associated expected number of favors for each player to carry out is given by e1 = e2 = e: Also let
di be the maximal reneging temptation of player i: It follows that

di �
�

1� �u for i = 1; 2:

Now consider a new strategy pro�le (a
01; a

02) such that for all sM ;

a
01
�
sM
�
= a1

�
sM
�
;

a
02
�
sM
�
= a1

�
sM
�
:

Under this new strategy pro�le, the payo¤s of the players are given by

u01 = e1b� e1c = u;
u02 = e1b� e1c = u:

and the maximal reneging temptation for each player i, d0i; is equal to d1: It follows that

d0i = d1 �
�

1� �u1 = u
0
i; for i = 1; 2;

so the new strategy pro�le is an equilibrium. This proves that every optimal equilibrium has a

symmetric equivalent (such that a1
�
sM
�
= a2

�
sM
�
for all sM ).

Part 1, Step 3. Proof of Part 1. Take an optimal equilibrium (a1; a2) that gives each player
a payo¤ of u. Let Ti be the maximal number of favors player i is expected to carry out. The
non-reneging constraint of player i then implies that

Tic �
�

1� �u:

Now suppose to the contrary that there exists s
0M such that H1(s0M ) � T1 and Pr(a1(s0Mm ) =

1) < 1 for some m. Consider a new strategy pro�le (a01; a02) such that a01
�
sM
�
= a1

�
sM
�
for all

sM 6= s0M and a01
�
s0M

�
= 1: And player 2�s strategy is given by a02

�
sM
�
= a01

�
sM
�
for all sM :

Let u0 be the player�s expected payo¤ with the new strategy pro�le (and notice that because of the
symmetry, each player�s payo¤ is identical.)

Notice that u0 > u because more favor is done in expectation. Moreover, the maximal reneging
temptation for both players remains at T1 because H1(s0M ) � T1 (and accordingly, H2(sM ) � T1):
It then follows that the new strategy pro�le is an equilibrium, and, thus, contradicting the claim
that the initial equilibrium (a1; a2) is optimal.

Similarly, if for any sM with H1(s0M ) > T1 such that
PM
m=1 a

1
m

�
s0M

�
< T1; we can construct

an alternative strategy pro�le (a01; a02) such that a01 equals a1 in all states except for s0M ; where
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the total number of favors player 1 does is raised to T1; and a02
�
sM
�
= a01

�
sM
�
for all sM : It can

be checked that this new strategy pro�le is an equilibrium that gives a higher total payo¤, and,
therefore, contradicts the optimality of the initial strategy pro�le (a1; a2).

This proves that there is a cuto¤ T 1 such that the properties in (i) must be satis�ed for player
1. An identical argument can be applied to player 2, generating a cuto¤ T 2: It is clear that
T 1 = T 2 � T given that both players have the same payo¤s in the optimal equilibrium.

Finally, since the total surplus is increasing in T; it is clear that the optimal equilibrium speci�es
that largest T such that the non-reneging constraint is satis�ed. Notice that V (T;M) is each
player�s expected surplus from the relationship under the cuto¤ rule (granting favor as long as the
total number of favors is no larger than T ): In particular, notice that when T = M; V (M;M) =
Mp (b� c) is the �rst best payo¤. Moreover,

V (T;M)� V (T � 1;M) = (1� F (T;M)) (b� c) ;

and this gives the expression for V (T;M):

Proof of Part 2. T �(M) is weakly increasing in M is obvious: as M increases to M + 1; one
can construct a strategy with the same threshold T �(M): In this strategy, the maximal reneging
temptation does not change and nor is the payo¤, so this strategy is an equilibrium. Since total
payo¤ is increasing in the cuto¤ T , it follows that T �(M + 1) � T �(M):

To see that T � (nM) � nT �(M); �rst let the expected payo¤ of each player with M activities
be V: Now notice that when there are nM activities in total, one can partition it into n subsets
with M activities each. In each subset, we can repeat the optimal equilibrium with M activities,
i.e., using a cuto¤ strategy with threshold T �: Under the new strategy, the expected payo¤ of
each player is nV; and the maximal reneging temptation is nT � (M) : It is then clear that this
strategy is an equilibrium. Now consider the cuto¤ strategy with threshold nT � (M) : This cuto¤
strategy generates a payo¤ larger than nV since more favor is being granted, and therefore, it is an
equilibrium. It follows that the cuto¤ threshold of the optimal equilibrium is weakly higher than
nT � (M) since the expected payo¤ is increasing in the threshold level.

Next, the result that

lim
M!1

V (T �(M);M)

M
= p(b� c)

follows directly from Theorem 1 and the optimality of the equilibrium.
Finally, notice that by (i),

T �(M)c � �

1� �V (T
�(M);M) � (T �(M) + 1) c;

where the second inequality follows from the optimality of T �(M) (and that the �rst best cannot
be achieved).

Therefore,
T �(M)c

M
� �

1� �
V (T �(M);M)

M
� (T �(M) + 1) c

M
;

and, thus,

lim
M!1

T �(M)

M
� lim
M!1

�

1� �
V (T �(M);M)

Mc
� lim
M!1

(T �(M) + 1)

M
;
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and therefore

lim
M!1

T �(M)

M
= lim
M!1

�

1� �
V (T �(M);M)

Mc
=

�

1� �
p(b� c)
c

:

Finally, notice that �
1��

p(b�c)
c < 1 because the �rst best cannot be achieved. And 1 < �

1��
b�c
c

follows because this is the threshold for sustaining any cooperation by Theorem 1.�

C. Multimarket Contact

Proposition 3. When �
1�� 2 (1;

��(h)
���(h)+(1��)��(l)); the optimal stationary equilibrium satis�es the

following.

1. The total expected per period payo¤ ��(M) satis�es

��(M) =
(1� �)

�PT �(M)
T=0 (T�� (h) + (M � T )�� (l))f(T;M)

�
1� � � � (1� F (T �(M);M)) ;

where T �(M) is the largest number satisfying

T �(M)�� (h) + (M � T �(M))�� (l) �
�
�PT �(M)

T=0 (T�� (h) + (M � T )�� (l))f(T;M)
�

1� � � � (1� F (T �(M);M)) ;

Moreover,

minfpim
�
sM
�
gi=1;2 = p�

�
sM
�PM

m=1 �
1
m

�
sM
�
+ �2m

�
sM
�
= �

1���
�(M)

for H(sM ) � T �(M)
for H(sM ) > T �(M):

2. T �(M) is weakly increasing in M and for any natural number n;

T � (nM)

nM
� T �(M)

M
:

As the number of activities increases,

lim
M!1

��(M)

M
= ��� (h) + (1� �)�� (l) ;

� < lim
M!1

T �(M)

M
=
� (��� (h) + (1� �)�� (l))� (1� �)�� (l)

(1� �) (�� (h)� �� (l)) < 1:

Proof of Proposition 3. We prove the two parts separately.

Proof of Part 1. For any pricing rule fpm
�
sM
�
g; de�ne the associated pro�t in market in each

state as �m
�
sM
�
� pm

�
sM
�
q(sM ): For any given pro�t level �; denote E (�) as the set of strategies

that minimizes the maximal total pro�t (across all states):

E (�) = argminfmax
sM

XM

m=1
�m

�
sM
�
jE[
XM

m=1
�m

�
sM
�
] = �g:
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Let the associated maximal total pro�t be D (�).
Take an optimal collusive equilibrium characterized by fpim

�
sM
�
g; i = 1; 2 and let f�im

�
sM
�
g

be the associated pro�ts, and �i the expected per period pro�t of �rm i; and let � = �1 + �2:
Suppose to the contrary that �1 < �2: Denote sM� as a state that the total pro�ts of the �rms are
maximized:

sM� 2 argmax
sM
f
XM

m=1

�
�1m

�
sM
�
+ �2m

�
sM
��
g:

Then the no-reneging constraint of �rm 1 implies thatXM

m=1

�
�1m

�
sM��+ �2m �sM��� �XM

m=1
�1m

�
sM��+ �

1� ��1:

Similarly, the no-reneging constraint of �rm 2 implies thatXM

m=1

�
�1m

�
sM��+ �2m �sM��� �XM

m=1
�2m

�
sM��+ �

1� ��2:

Adding up the two constraints, we getXM

m=1

�
�1m

�
sM��+ �2m �sM��� � �

1� ��:

Now take a pricing rule fpm
�
sM
�
g 2 E(�); and let the associated pro�t in each market be

�m
�
sM
�
: Consider a strategy pro�le such that p1m

�
sM
�
= p2m

�
sM
�
= pm

�
sM
�
: Under this

strategy, each �rm�s expected payo¤ is �
2(1��)�: In addition, by the de�nition of D(�); we have

D (�) �
XM

m=1
�1m

�
sM��+ �2m �sM�� � �

1� ��:

This implies that the non-reneging constraints are satis�ed for all states, so this strategy pro�le is
an equilibrium.

Now de�ne T � as the largest number such that T ��� (h) + (M � T �)�� (l) � �
1���: Now for

each sM ; there are two possibilities. First, if the number of high-demand states is smaller than T �;
i.e., H(sM ) � T �; we then must have pm

�
sM
�
= p�

�
sMm
�
for all m: Suppose to the contrary, then

there exists m0 such that pm0
�
sM
�
6= p�

�
sMm0
�
: Now consider a new strategy that is the same as

the existing equilibrium except replacing p1m
�
sM
�
and p2m

�
sM
�
with p�

�
sMm
�
for all m: This new

strategy does not increase the maximal reneging payo¤, but it strictly increases the value of the
relationship. It follows that the new strategy is an equilibrium, and since it has a higher value,
this contradicts that � is the highest collusive payo¤.

Second, if the number of high-demand states is strictly larger than T �; but
PM
m=1 �m

�
sM
�
<

�
1���: The continuity of the demand then implies that there exists a set of prices fep �sMm �gMm=1
with associated fe� �sMm �gMm=1such that PM

m=1 e� �sMm � = �
1���: Now again consider a new strategy

that is the same as the existing equilibrium except replacing p1m
�
sM
�
and p2m

�
sM
�
with ep �sMm �

for all m: In this new strategy the maximal reneging temptation is �
1���; but it strictly increases

the value of the relationship. It follows that the new strategy is an equilibrium, and since it has a
higher value, this contradicts that � is the highest collusive payo¤.
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These two cases together imply that

� =
T �X
T=0

(T�� (h) + (M � T )�� (l))f(T;M) + �

1� � (1� F (T
�;M))�;

for some T �; so

� =

PT �

T=0(T�
� (h) + (M � T )�� (l))f(T;M)
1� �

1�� (1� F (T �;M))
:

Moreover, since the payo¤ of the collusive equilibrium is increasing in T �; it is then clear that T �

is the largest number such that

T ��� (h) + (M � T �)�� (l) �
�
�PT �(M)

T=0 (T�� (h) + (M � T )�� (l))f(T;M)
�

1� � � � (1� F (T �(M);M)) :

Proof of Part 2. The weak monotonicity and T � (nM) � nT �(M) follows from the identical
argument as in the favor exchange case and is omitted here. The result that

lim
M!1

��(M)

M
= ��� (h) + (1� �)�� (l) :

follows directly from Theorem 1 and the optimality of the equilibrium.
Finally, by the property of T �; we have

T ��� (h) + (M � T �)�� (l)
M

� �

1� �
��(M)

M
<
(T � + 1)�� (h) + (M � T � � 1)�� (l)

M
:

This implies

lim
M!1

T ��� (h) + (M � T �)�� (l)
M

= lim
M!1

�

1� �
��(M)

M
=

�

1� � (��
� (h) + (1� �)�� (l)) :

Since we have

lim
M!1

T ��� (h) + (M � T �)�� (l)
M

= �� (l) + lim
M!1

T �(M)

M
(�� (h)� �� (l)) ;

it follows that

lim
M!1

T �(M)

M
=
� (��� (h) + (1� �)�� (l))� (1� �)�� (l)

(1� �) (�� (h)� �� (l)) :

This proves Part 2.�

D. Relational Incentive Contracts

Proposition 4. If c
p >

�
1�� (p� c) > c, then the optimal multi-activity relational contract that

implements e¤ort in each task has the following non-linear bonus scheme:
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bm =

8>><>>:
0

�

�

P
ym < m

� (M)P
ym = m

� (M)P
ym > m

� (M) ;

where 0 � � � �.

Proof. The proof of this proposition is broken up into several steps.

Step 1. Because the salary component of the relational contract can be used to extract all the
surplus from the agent at the beginning of each period, it su¢ ces to �nd the contract (bm)

M
m=0 that

satis�es the agent�s incentive-compatibility constraints and has the smallest maximal payment.
This dual problem can be written as a linear program. Let f (m;K) denote the probability that m
outputs are realized given the agent exerts e¤ort in K tasks. We then have:

min
b0;b1;:::;bM ;b

b (1)

subject to

MX
m=0

[f (m;M)� f (m;K)] bm � (M �K) c � 0 for K = 0; 1; : : : ;M � 1 (2)

and
0 � bm � b for m = 0; 1; : : : ;M:

Step 2. In this step, we de�ne a relaxed linear programming problem, which has a straightforward
solution, and we will show that the solution to this program is also a solution to the full problem.
The relaxed problem is the same as (1), except we ignore all the incentive-compatibility constraints,
except for (IC �M � 1) and (IC � 0):

min
b0;b1;:::;bM ;b

b (3)

subject to

MX
m=0

[f (m;M)� f (m;M � 1)] bm � c � 0 (4)

MX
m=0

f (m;M) bm �Mc � 0 (5)

and
0 � bm � b for m = 0; 1; : : : ;M:
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Step 3. The solution to (3) is given by

bm =

8>><>>:
0

�

�

P
ym < m

� (M)P
ym = m

� (M)P
ym > m

� (M) ;

where 0 � � � �. To see this, we write the Lagrangian for (3):

L = �b+ �1

"
MX
m=0

(f (m;M)� f (m;M � 1)) bm � c
#
+ �2

"
MX
m=0

f (m;M) bm �Mc
#

+
MX
m=0

�
�m+ (b� bm) + �m�bm

�
,

which yields the following �rst-order conditions:

�1 (f (m;M)� f (m;M � 1)) + �2f (m;M) +
�
�m� � �m+

�
= 0:

There are several cases. Suppose (�1 + �2) f (m;M) � �1f (m;M � 1) > 0. This implies that
m > m� (M) = �+p�1

� M , which implies that b�m = b and thus �m+ > 0. Next, suppose
(�1 + �2) f (m;M) � �1f (m;M � 1) < 0. This implies that m < m� (M) = �+p�1

� M , which
in turn implies that b�m = 0 and thus �m� > 0. Finally, if (�1 + �2) f (m;M)��1f (m;M � 1) = 0,
�m+ = �m� = 0, which implies that m = m� (M) and b�m = � 2 [0; �].

Step 4. We now show that b�m solves (1). First, derive the marginal net bene�t of exerting e¤ort
on the Kth task for the conjectured solution:

MB (K) =
MX
m=0

[f (m;K)� f (m;K � 1)] b�m � c:

We want to show that only K = 0 or K = M is ever optimal. To do so, we look at how MB (K)
increases or decreases with K. When is MB (K + 1) > MB (K)? First, note that

MB (K) = f (m� � 1;K � 1) p�+ f (m�;K � 1) p (� � �)� c:

The marginal bene�t of e¤ort on the Kth task is � times the probability that with only K � 1
tasks, the agent would have had m� � 1 successes (receiving a bonus of 0) but instead has m�

successes (receiving a bonus of �) plus (� � �) times the probability that the agent would have had
m� successes (receiving �) with only K � 1 tasks but instead has m� + 1 successes (receiving �).

With some work, it can be shown that MB (K) for K � m� is either weakly decreasing or it
initially increases and then decreases. We do not replicate the proof here, because it is similar to the
result of Bond and Gomes (2009). Finally, note that MB (M) = 0, because the (LIC) constraint
is binding at the optimal contract. Given this structure of marginal bene�ts, the agent�s problem
either has one peak (at K� = M) or two peaks (one at K� = 0 and another at K� = M), so the
agent�s optimal choice of e¤ort is either K� = 0 or K� = M . Thus, the solution to the relaxed
problem is in fact the solution to the full problem.�
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